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Abstract. We give a proof for the Holder continuity of functions in 
the paraboUc De Giorgi classes in metric measure spaces. We assume 
the measure to be doubling, to support a weak (1, p)-Poincare inequality 
and to satisfy the annular decay property. 



1. Introduction 

The fine properties of the parabolic De Giorgi class are the subject of this 
paper. This is a class of functions which satisfy a parabolic energy estimate, 
which in the Euclidean case is related to the p-parabolic partial differential 
equation 

-^ + diY{\Vu\P~^Vu) = 0, 

and to compatible parabolic quasiminimizers. A function n : x (0, T) ^ 
M, which is a parabolic iC-quasiminimizer compatible with the p-parabolic 
partial differential equation in R'', satisfies 



^1 



supp " J supp 



u—dxdt+Ci / \Vu\^dxdt 
at 



< KC2 I \Vu - V(f)\Pdxdt, 

J supp (f> 



with some Ci,C2 > and > 1, for every smooth compactly supported 
function (j) in Q x (0, T). Here denotes a domain in M*^. 

Our main result is the local Holder continuity of the parabolic De Giorgi 
class functions in metric measure spaces, extending the results obtained for 
parabolic iC-quasiminima by Zhou [Zho93, Zho94] in M.'^ with the Lebesgue 
measure. Historically, the parabolic version of De Giorgi classes has been 
investigated in euclidean spaces by Ladyzhenskaja- Solonnikov-Ural'ceva 
|LSU68j and DiBenedetto, and later by |DiB88] . Wieser jWie87j and Gianazza- 
Vespri [GV06j . to name a few. 

Our argument is a modification of the DiBenedetto scheme |DiB86irDiB931 
IUrb08] . We assume the underlying measure to be doubling and to support a 
weak (l,p)-Poincare inequality. Together these imply a Sobolev inequality. 
Also, we assume the metric measure space to satisfy the annular decay prop- 
erty |Buc99] . In order to study general measure spaces instead of proving 
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the argument only for the usual Lebesgue measure, we base the proof on 
integral averages, so that the actual scaling properties of the measure are 
not needed. A similar technique is applied in [KLSUllt IKSUllj . In the 
elliptic case, the weighted theory has originally been studied for example by 
Chiarenza and Serapioni, |CS84a[ [CS84bl ICstH] , 

Due to the general nature of the argument, our approach may open possi- 
bilities to establish Holder continuity in some specific cases of interest, such 
as for solutions of sub-parabolic equations in Heisenberg groups. Indeed, as 
the Heisenberg group equipped with the Haar measure is a length space, it 
is known to satisfy the a-annular decay property |Buc99j . 

Our argument has several similarities with the Euclidean case, but the 
new material is substantial. Since standard gradients cannot be defined in 
a general metric space, we consider upper gradients, and replace the stan- 
dard Sobolev spaces with Newtonian spaces, see [BBlll IShaOOj . The para- 
bolic De Giorgi class is defined using the upper gradients, and the modified 
DiBenedetto method is carried out accordingly. 

The motive behind defining the De Giorgi class in this way, is that it 
enables us to extend the study of parabolic partial differential equations to 
metric measure spaces. This in turn helps us to better understand those 
aspects of the theory which are independent of the geometry of the space, 
where the partial differential equation is originally defined. In practice the 
extention is done via concepts which in are closely related to the PDE 
at hand, and are definable without assuming Euclidean structure of the 
underlying space. 

For the elliptic case such a concept are the quasiminima, which are known 
to belong to the elliptic De Giorgi classes, see |Giul IGia931 IKSOlj . In M°', 
classical examples of functions belonging to parabolic De Giorgi classes are 
the solutions of parabolic partial differential equations as well as the para- 
bolic quasiminima. The latter has been studied by Zhou in |Zho931 IZho94] 
and by Wieser in |Wie87j , whereas for PDEs we refer to |DiB93| IUrb08| . 

In the last part of this paper we show that parabolic quasiminima in 
metric measure spaces belong to the parabolic De Giorgi class. A somewhat 
unexpected difficulty arises in proving the usual De Giorgi estimates for par- 
abolic quasiminima in metric spaces. Indeed, since taking upper gradients 
is not a linear operation, the usual time mollification argument used in the 
Euclidean case seems to be destroyed. We circumvent this by introducing 
so called Cheeger derivatives [Che99] . which have the property that taking 
a Cheeger derivative is a linear operation. 

2. Preliminaries 

2.1. Metric measure spaces. Let {X,d,fi) be a complete metric measure 
space with metric d and a positive complete Borel measure The measure 
H is said to be doubling if there exists a universal constant > 1 such that 

t,{B{x,2r))<C^t,{B{x,r)), 

for every r > and x € X. Here B{x,r) denotes the standard open ball 



B{x,r) = {yeX: d{x,y) < r}. 
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The dimension related to the doubling measure is defined to be 

d/M = log2 C^. 
By iterating the doubling condition, it follows that 

for ah balls B{y, R) C X, z e B{y, R) and < r < < oo. Given a > and 
a metric space {X, d, n) with a doubling fi, we say that the space satisfies 
the a-annular decay property if there exists a constant c > 1 such that 

(2.1) KB{x, r) \ B{x, (1 - 6)r)) < C(5"/i(S(a;, r)) 

for all B{x,r) C X and for all < 5 < 1. Every length space has this 
property, in particular this is true in R"^. For further information about the 
spaces which satisfy this, see |Buc99j . 

2.2. Upper gradients. Let Q C X he open. Following |HK98] . a non- 
negative Borel measurable function : — ?> [0, oo] is said to be an upper 
gradient of a function u : Q ^ [—00,00] in if for all compact rectifiable 
paths 7 joining x and y in we have 

(2.2) \uix)-uiy)\ < [ gds. 

In case u{x) = u{y) = 00 or u{x) = u{y) = —00, the left side is defined to 
be 00. Assume 1 < p < 00. The p-modulus of a family of paths F in is 
defined to be 



inf / ff d^, 

P Jn 



where the infimum is taken over all non-negative Borel measurable functions 
p such that for all rectifiable paths 7 which belong to F, we have 

pds > 1. 



7 

A property is said to hold for p-almost all paths, if the set of non-constant 
paths for which the property fails is of zero p-modulus. Following |KM981 
IShaOO] . if ()2.2p holds for p-almost all paths 7 in X, then g is said to be a 
p-weak upper gradient of u. 

When 1 < p < 00 and u G L^(r2), it can be shown |Sha01] that there exists 
a minimal p-weak upper gradient of u, we denote it by gu, in the sense that 
gu is a p-weak upper gradient of u and for every p-weak upper gradient g of 
u it holds gu ^ g /^-almost everywhere in Q. Moreover, if v = u /^-almost 
everywhere in a Borel set A C il, then g^ = gu /^-almost everywhere in A. 
Also, if € L^(r2), then ^-almost everywhere in il, we have 

du+v ^ du + dv, 

guv < \u\gv + \v\gu- 

Proofs for these properties and more on upper gradients in metric spaces 
can be found for example in [BBllj and the references therein. 
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2.3. Newtonian spaces. Following [ShaOOj . for 1 < p < oo and u E LP{Q), 
we define 

||^^||l,p,C = ||^t||LP(n,/i) + \\gu\\LPin,^i), 

and 

N^-P{n) = {u : ||u||i,p,n < oo}. 
An equivalence relation in N^''^{Q,) is defined by saying that u ^ v if 

11^ ~ ^lliVi.P(C) ~ ^• 

The Newtonian space N^'P{Q,) is defined to be the space N^'P{Cl)/ ~, with 
the norm 

lkllAfi>p{Q) = Iklli.p.n- 

A function u belongs to the local Newtonian space iVi^'f (f)) if it befongs 
to iV^'^(Q') for every CC il. For more properties of Newtonian spaces, 
see IHeiOlllShiMlBBll] . 

2.4. Poincare's inequality. For positive 1 < q < oo, 1 < p < oo, the 
measure fj, is said to support a weak ((7,p)-Poincare inequality if there exist 
constants Pq > and r > 1 such that 

(2.3) (-[ \v - VBi,,r)\'' dfi] < Fori I gld^^ , 

\JB(x,r) J \JB{x,Tr) J 

for every v G A^^'^(X) and B{x,Tr) C X. Here we use the notation 
VB(x,r) = f vdn= ——^ — -- / V dn. 

JB(x,r) H[B{x,r)) JB{x,r) 

In case r = 1, we say a (g,p)-Poincare inequality is in force. In a general 
metric measure space setting, it is of interest to have assumptions which are 
invariant under bi-Lipschitz mappings. The weak (q,p)-Poincare inequality 
has this quality. 

For a metric space X equipped with a doubling measure /i, the following 
result of [HK95) is known: If X supports a weak (l,p)-Poincare inequality 
for some 1 < p < oo, then X also supports a weak (K,p)-Poincare inequality, 
where 

for l<p<da, 



\2p, otherwise, 

possibly with different constants Pq > and r' > 1. As a consequence of 
this, by the (K,p)-Poincare inequality and for example by Poposition 5.41 
in [BBll] . there exists a positive constant C such that 

/ \v\^dA <Ct(1 gldA . 

JB{x,r) ) \JB{x,r) ) 

for every v E N^'^(X) and B{x,r) C X. 
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Remark 2.5. It is a result of [KZ08J, that when 1 < p < oo and {X,d) is 
a complete metric space with doubling measure /i, the weak (l,p)-Poincare 
inequality implies a weak (1, g)-Poincare inequality for some 1 < q < p. 
Then by the above discussion, X also supports a weak (k, g)-Poincare in- 
equality with some k > q. By Holder's inequality, the left hand side of the 
weak (k, g)-Poincare inequality can be estimated from below by replacing k, 
with any positive k' < k. Hence we conclude, that if X supports a weak 
(l,f))-Poincare inequality with 1 < p < oo, then X also supports a weak 
(g, (j')-Poincare inequality with some 1 < q < p. 

2.5. Parabolic upper gradients and Newtonian spaces. We define the 
parabolic Newtonian space LP(0, T; A^^'P(r2)) to be the space of functions 
u{x,t) such that for almost every < t < T the function u{-,t) belongs to 
N^'P{n), and 

T 

\H-,t)\\lp^ndt < oo. 

The definition of the space Lf^^-iO, T; N^^^{Q)) is obvious. In what follows we 
will denote the product measure by du = dudt. Let u G ^(0, T; A^^'^f 
The parabolic minimal p-weak upper gradient of u is defined in a natural 
way by setting 

gu{x,t) = gu(.,t){x), 

at i/-almost every G x (0, T) = 0,t- For the sake of conciseness we 

refer to the parabolic minimal p-weak upper gradient of a time dependent 
function, by calling it the upper gradient. 

Next we define the class of functions for which we prove local Holder 
continuity. 

Definition 2.6 (Parabolic De Giorgi class). For p > 2, we say that u G 
■^foc(^' -^loc (^)) belongs to the parabolic De Giorgi class, if there exists a 
positive constant C, with which we have 
r f-To r 

ess sup / {u{x,t) - k)\d^x+ j I g^^^_^. dv 

Ti<t<To JB(x,ri) Jti JB(x,ri) ^ ' 

< 7 ^ / / (u- kf, dv + / / iu- k)\ du, 

(r2 - njP JB{x,r2) [Tl - T2) Jt2 J B(x,r2) 

for every x G fi, ri < r2 and T2 < ti < tq, such that B{x, x (r2, tq) C ^It- 
As an immediate consequence, by the Lebesgue differentiation theorem, we 
see by taking the limit T2 — )• ti, that for almost every ri G (0, tq), we have 

CTQ 



(2.7) 



ess sup / {u{x,t)-kf±dfi+ [ [ g^,j^. dv 

Ti<t<To J B{x,ri) Jti JB(x,ri) ^ ' 

<— {u-k)ldu + cf {uix,n)-k)ldti. 

{r2 - nr Jti Jb{x,T2) JB{x,r2) 

The following regularity theorem is the main result of this paper. 

Theorem 2.8. Assume {X,d) is a complete metric space equipped with a 
complete doubling positive Borel measure p, . Assume X supports a weak 
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{l,p)-Poincare inequality for 2 < p < oo, and satisfies the a- annular decay 
property for some < a < 1. Letu e L^„^(0, T; A^^jf (^7)) be locally essen- 
tially bounded and belong to the parabolic De Giorgi class. Then u has a 
representative which is locally Holder continuous in ^t- 

The proof is based on the DiBenedetto argument and it is divided into two 
alternatives. We will use intrinsic scaling |Urb08) in order to homogenize 
the powers on the right hand side of the estimate in definition 12.61 We start 
by constructing the geometry. 

2.6. Initial setting. Let A > 1 be an a priori constant, which has been 
fixed in a manner which will become clear later in this text. Assume a 
compact set S C O^. Our aim is to show that u is Holder continuous in S. 
Since S is compact, there exists an open set F such that S C F CC ^It- 

Since u is assumed to be locally essentially bounded, essoscf'M is finite. 
We assume that essoscf'U > 0, because otherwise Holder continuity in S is 
trivially true. We redefine u{x,t) = esssup^j^u in the i/-negligible subset of 
F where u{x,t) [ess infi;' u, ess sup^ u]. Set 

, essosci? li ^ 



7± 

where 7_ = 2 and 7-|_ = 2^. Let r be a positive number such that for every 
(x, t) € 5" we have B{x, 2rr) x (t — 26^r'P, t) C F. Clearly r is controlled by 
the distance of S to the complement of 0,t- 

Considering any point (x, t) £ S, it will turn out that the constants in 
the reduction of oscillation of u in the neighborhood of (x, t) depend only 
on p,d^,C^, Po,T and on the constant r. This in turn implies by a standard 
iterative argument |Urb08j . that u is Holder continuous in 5, and that the 
modulus of Holder continuity will depend only on p,d^,C^,Po,T,r and on 
essosciru. Therefore, to prove the Holder continuity of u in a compact set 
S, it is enough to consider any one point in S, and examine the oscillation 
of u in its neighborhood. 

So from here on, let (xo,to) denote some fixed point in S. For brevity, in 
what follows we will refer to the set of constants p, dfj,, Cfj,, Po,t as the data. 

3. Estimates for the parabolic De Giorgi class 
Let t* G (to - 0+rf, to). For n = 0, 1, . . . we denote 

= y + Qt = BnXT^ = i?(xo,r„) X {t* - e±rP,t*), 

and 

= { {x, t) gQ^ : {u{x, t) - /e^)± > 0} , 

where tq and will be chosen later, according to the situation at hand. 
The following two lemmas are of central importance to the proof. 

Lemma 3.1. Let {k^)n be an increasing sequence and {k^)n o- decreasing 

sequence of real numbers. Let u belong to the parabolic De Giorgi class and 

assume that for some number < e < 1, we have 

I , eessosciTti 
(3.2) (n- A:„)± < eess^oscn and \k^+i-k^\> , 
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Then there exists a constant Cq which depends only on the data such that 
for every n = 0, 1, . . . . 

Proof. For each n, let tpn G Lip(r2), 1, be a cut off function such 

that ^n{x) = 1 in Bn+i, the support of is a compact subset of Bn^ and 
Qipn ^ 2"+^/ro. Let k, be the constant from (|2.4|) . By Holder's inequality we 
can write 



I {u-ktY^d^,\ 



X if {u- k^)1dfi ) dt 



-^^n + l y B„ + l 



1 

- kn)±^n+lTd^ dt. 



By the doubling property of fi, the measure factor on the right hand side is 
uniformly bounded for every n. Now, since {u — k^)±ipn+i S NQ'^{Bn+i), 
we can use inequality (|2.4p to obtain 

p/k 

dv 



I {{u-kt)±^n^iTdA dt<Crll 

JBn + l J -'Qn + l 

<CrP-[ dzv + C2f("+2)(^gggog^^)P^d^. 



^fcn )±</5„ + l 



Next we use the definition of the parabolic De Giorgi class to estimate 
the first integral term on the right hand side of the above expression. We 
have 



< i 1 + -i(eessoscn)2-P^ (eessoscn)^^^ 



^2^"^ (l + (7±e)''^) (eessoscn)^^^, 
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Similarly, since u belongs to the parabolic De Giorgi class, by the doubling 
property of fi and by the fact that ii{Bn)B±rn = v{Q^), we have 



{u — k^Y^ dfi < ess sup f {u — A;^)± dfi 



)P-2 

r- I \~~ --n /zn ~~r~ — n ^ I 

< C{^±ey-' (2^4 {u - kt)l du + ^i (u- kt)l dv 

< {{-i±ef-^ + 1) (eessosc-^"''^^"'* 



u 



Collecting the obtained estimates yields, 
/ {u-ktlf-^'^Ui^ 

< C2P"(3 + (e7±)^-2 + (e7±)2-^)(eessosc^)^'4-|( 
On the other hand, by ()3.2p and since ^ is doubling, we have 



I in- kt)f-'l^^ dv > \ki^, - ktri'-^/-^"^ 

iOSCFM^iP^^-p/K) v{A^j^2) 



n+2) 



'Qn+2 

Therefore, for each n > we have 

where C depends only on the data. □ 

We also prove the following time independent variant of the above lemma. 

Lemma 3.3. Suppose the assumptions of Lemma \3.1\ hold. Suppose in 
addition that for some to — 20_|_rQ < t' < to, where t' is a Lebesgue point of 
the mapping 



1 1-^ {u{x,t) — k)^dfi, 

JB{xo,r) 

we have {u — k^)±{x,t') = at js- almost every x G i?(xo,T„) for every n > 0. 
Then for the time independent sequence 

Qt = B{xo,rn) X (t',to), 

and corresponding sets A^, there exists a constant Co, which depends only 
on the data, such that 

for every n = 0,1,2, ... . 
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Proof. We proceed exactly as in the proof of Lemma \3A] with = (t',to) 
for every n, but now instead of the parabolic De Giorgi class, we can use 
(j2.7p and the assumption that we have {u — k^)±{x,t') = for /x-almost 
every x G B{xo,rQ). We estimate 



^o/, 9l du <C2P- 1 (u-kt)ldu <C2P-{e ess oscuT--^ 
and 

ess sup + (n — /c^)^ (i/U < C(e ess oscn)^~^ p + {u — k^Yj^dv 

< C2f'^(e27+)P-2(eessoscu)P^^^^. 
Plugging these into the proof of Lemma 13.11 yields 



'n + 2 



(n - kt)f-'^-^du 



< fc2P" (2 + (£27+)P~2) (eessoscu)p4^1 



2-p/k 



As in the proof of Lemma 13.11 after noting that e < 1 , this leads to the 
estimate 



□ 



Later in this proof, depending on the situation, we will use Lemma [3. II or 
Lemma 13.31 together with the following real analytic lemma. 

Lemma 3.4. Let {Yn)n be a sequence of positive numbers, satisfying 
where C,b > 1 and a > 0. Then Yn converges to as n —)• oo, provided that 

(3.5) yo<c'-W-"'. 

Proof. For the proof, we refer to |DiB93j . □ 

By Lemma 13.41 once the requirements of Lemma 13.11 or Lemma 13.31 have 
been established, the convergence to zero of i'{Af^) follows, provided we can 
first show that the corresponding initial condition (j3.5p is satisfied. 

Next we divide the proof in two complementary alternatives and study 
them separately. 

4. The First Alternative 

Recall that 7_ = 2, and set 

ess osc F u ess osc f u 
(4.1) A;„ = ess^mf u + + ^^^^ and ro = r. 

Then 

essosci?n . i lessosci?ti 

[u - A;„ )„ < and - fe„ | > - ' 
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and so we see that here e = 1/2. Plug these into Lemma |3. 11 and define 
ao = (Co(3 + + i2-p)2-p/«)-i/(i-p/k)(^4p2(2-p/«;)-j1-(i-p/k)2_ 

Note that oq does not depend on A. 

Suppose there exists a t* G (to — Qj^r^, to) such that 

z.({i?(xo,r) X {t* -e.rPX)-u{x,t)<k^]) 

^ ' ' < aou{B{xo, r) x (t* - O^r^, t*)). 

We refer to this condition as the first alternative. Using the abbreviations 
introduced in the previous section we can write inequality ()4.2p as 

By Lemma [3.11 and Lemma [3.41 this implies that i^i^2n)/^iQ2n) — as 
n — )• 0. Hence if the first alternative is in force, we obtain 

ess osc F u 

u(x,t) > essmf u H : 

^ ' ~ F 4 

u-a.e. in B (xq, §) x (t* — 0- (§)^ i^*)- This implies that we can fix a time 
level t' £ (to - 2e+rP, to - 0- {jY) at which we have 

/ f\ r eSSOSCpti / N 

(4.3) u(x, t )> essmf u H for /i-a.e. x£B[XQ,r/2). 

F 4 



Now we are able to use (|2.7p to obtain the following. 

Lemma 4.4. Assume the first alternative. Then there exists a constant C , 
which depends only on the data, such that for all s > 1 we have 

ui{ B jxo, r/4) x (t^ to) : ^ < ess u + Sgp^f^ }) ^ C 

ij{B{xo,r/4)x{t',to)) -2-(P-2)- 

Proof. We set 

, . . ess osc F u 
k = ess mf u H r- — : — , 

F 2^+^-1 

where s > 1. By ()4.3p we have {u — k)-{x,t') = for /i-a.e. x G B{xo,r /2), 
and so by (|2.7p . we obtain 

(4.5) ess sup / (u — k)'^{x,t) dfi < — / / (u — k)^ dfidt. 

t'<t<to Jb{xo,^) Jt' Jb{xo,^) 

On the other hand, for each t G (t',to) in the set 

essosci? u 

x£B{xo,r/'i) : u[x,t) < ess ml u + 
(n - k)_{x,t) > 



F 2^+" 
we have 

ess osc F u 



2X+S ■ 

We use this with inequality (j4.5p to conclude that for almost every t G (t', to) 
essosciru\2 /f , , , , , . essosciT'U 



/i < B{xq, r/4) : n(-, t) < essinf u + 



C / ess osc fu\p , ,, ,,,, 
<-p[^xTI^) \to-t'\f.{B{xo,r/4)). 
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Since 

,, /essoscFti\2-p 
|io-t'|<(^X^) 2r^ 

we can further estimate the right hand side to obtain 

/f„, , , . ^ essoscFul\ Cu (B (xQ.r / A)) 

I^{\b{xo, r/4) : u{x, t) < ess mf u + ' } < V o, / 



F 2^+^ j J ~ 2'^(P-2) 

for almost all t £ {t',to), where C depends only on the constant in Lemma 
13.31 This implies 

u{{ B{xo, r/4) X (f, to):u< ess inf.. u + ^p^p }) ^ c 



u{B{xo,r/A)x{t',to)) " 2-(f-2) ' 

as desired. □ 

We can now use the above Lemma together with Lemma [3.31 to guarantee 
that the initial conditions needed to employ Lemma [3.4l are met in a cylinder 
with upper time level at to- 

Lemma 4.6. Assume the first alternative. Then there exists a positive 
integer s which depends only on the data and on A, such that 

u > ess inf u + ^^^F u ^^^^ B{xo,r /8) x (to — 6-{r /Sy ,to). 
Proof. In Lemma 13.31 set 

r r r 

ro = -, rn = - + 



8 8 • 2" ' 

Q- = Bn X T = B{xo,rn) x (t',to), 

and 

,_ . _ essosci?u essosciT'ii 
k„ = ess mf u H r- — 1 r- — ; — — - , 

A~ = {{x,t) G : {u{x,t) - > 0} , 

where s > 1. Thus for every n > 0, we have 

(u — A:~)_ < eess^scti, where e = , 

and for every n = 0, 1, . . . 

{u — k~)-{x, t') = for ^ a.e. x G B{xo, r^). 
By Lemma 14.41 we can now choose s so large that the corresponding initial 



condition (|3.5p 

'^(^O ) < ((Co(2 + 2(^+^)(p~2)^2-p/k^-1/(1-p/k)(^4P2(2-p/k)^1-(1-p/k)2 

is satisfied. By Lemma [331 we can then conclude that z^(^2n)/^(Q2n) ~^ ^ 
as n — 7> oo, which implies that 

ess osc fu / n / / \ 

u>essininH — a.e. m B[xo,r /8) x [t ,to), 

F 2'^+-'- 

for some s which depends only on the data and on A. Since t' < to— 9^ (r/4)^, 
the proof is complete. □ 
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Combining the above results, we obtain that the first alternative implies 
a reduction of oscillation in a subcylinder with upper time level at to- 

Corollary 4.7. Assume that the first alternative holds. Then there exists a 
constant ctq € (0, 1) which depends only on the data and on X, such that 

ess osc u < ao ess osc u. 

B{xo,^)x{to-9.{^Y,to) F 

Proof. As a consequence of Lemma [4.61 we know that there exists an s G N, 
which depends only on the data and on A, such that 

essosciT'ii 

ess osc u < ess sup u — ess mf u — 

1 \ 

n 

This finishes the first alternative. 

5. The Second Alternative 
Suppose that for every t* G (to — 0+r^,to) we have 

1^ {{B{xo,r) X {t* - e^r^X) : u{x,t) > k^}) 
^ ■ ^ < (1 - ao)u{B{xo, r) x {t* - O^r^, t*)), 

where ao is as in the first alternative and is as in (j4.ip . This assumption 
is called the second alternative. Note that the second alternative is exactly 
the complement of the first alternative. 

This alternative is also based on Lemma l3.ll but now we set 



,_ , I essosciru essosciT'n 
(5.2 /c^=esssupM t— r-— - — 

and will assume A to be large enough so that we can force v{Aq) to be small 
compared to v{Qq). We start with the following lemma. 

Lemma 5.3. Let u belong to the parabolic De Giorgi class and let the second 
alternative be in force. Let 

eSSOSCirU 

/ = ess sup u 5 . 

F ^ 

Then there exists a positive integer s which depends only on the data such 
that for almost every t £ {to — O+r^, to) 

1 _ 

fi{{x € B{xo,r) : u{x,t) > I}) < ^fi{B{xo,r)). 

Proof. Let t* G (to — Q+T^-,to). The second alternative implies that there 
exists a time level t' G (t* — 6_rP,t* — ^O^r^) for which 

(5.4) /^({^ ^ B{xo,r) : u{x,t') > k^}) < ^n{B{xo,r)). 

^ ~ T 
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Indeed, if this was not the case, we would have 

V {{(x,t) G B{xo,r) X {t* - 9^rP,t*) : u{x,t) > /c^ }) 



> 



fi ({x G B{xo,r) : u{x,t) > |) dt 



> (1 - ao)i^{B{xo,r) x {t* - e^rP,t*)), 

which contradicts ()5.ip . Choose such a t'. Let s be a positive integer. We 
substitute 

, ess osc F u 

k = ess sup u 

F 2^* 

in ()2.7p to obtain 

(/ - k)ln{{x E B{xo, (1 - 6)r) : u{x,t) > I}) 

t'<t<t* J B{xo,{l-6)r) 

<C [ (u{x,t')-k)ldf, + j^ [ {u-k)\dv 

JB{xo,r) (or)'' J B{xo:r)x(t* ~e^rP ,t*) 

^ /essosci? ii\2 
<C( fi{{xGB{xo,r):u{x,t')>k}) 

%{^^^y^iBix,,r)xie-e^rP,n) 



+ 



{6r) 

for almost every t € {f ,t*) and any < 5 < 1. With (j5.4p and the definition 
of 6-, this gives 

^i{{x e S(xo, (1 - 6)r) : u{x,t) > I}) 

essosciT' ti \ i — ao 



2 

C ( essosci?n\^/ 1 „ 
+ 771^ 7^^:^ rMi?(xo,r)) 



for almost every t € it',t*) and any < 5 < 1. By the a-annular decay 
property (|2.ip . we have 



G i?(xo,r) : > /}) 

< //(S(xo,r) \ S(xo, (1 - 5)r)) + ^({x € S(xo, (1 - 5)r) : uix,t) > I}) 

< C5"^(S(xo, r)) + ^({x G S(xo, (1 - S)r) : n(x, t) > I}). 

Hence, by first choosing 5 small enough and after this choosing s large 
enough, we obtain that for almost every t G (t* — ^^_rP,t*) 

^ _ 3ao 

(5.5) i^{{x eB{xo, r) : u{x, t) > I}) < ^i2{B{xo,r)). 
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The choices of 5 and s depend only on the data. Finally, since the same 
choice of s is valid for every t* E (to — O+r^, to), we conclude that (jS.Sp holds 
for almost every t € (to — ^+^^5^0)- ^ 



Now we are ready to prove the final lemma which together with Lemma [3.4l 
gives the reduction of oscillation in case of the second alternative. For a 
constant k define 

El = {{x, t) G B{xo, rr) x (to - 0+rP, to) : u{x, t) > k} , 

where 1 < r < 2. For r = 1 we denote E^. = E^. 

Lemma 5.6. For every < a < 1 there exists a positive constant \, which 
depends only on the data and on a, such that 

< a 

u{B{xo,r) X (to-0+rP,to)) " ' 

where as in ()5.2p . 

_i_ essoscpu 

/cq = ess sup u -T . 

F ^ 

Proof. Fix < a < 1. Define 

El{t) = {x e B{xo, rr) : u{x, t) > h} , 
and for constants h, k such that h > k > k^ , let 

^ h — k, u > h, 
V = i u — k, k < u < h, 
0, u<k. 

By the previous lemma we can choose A big enough so that for almost every 
t E (to — O^r^, to) we have 

//({x e B{xo,r) : v{x,t) = 0}) = /u({x € B{xo,r) : u{x,t) < k}) 

> /u({x € B{xo,r) : u{x,t) < fe(]"}) 
>^M^(xo,r)). 
Thus for almost every t G (to — O^r'P, to) 



)(t) = / v(x,t)dfi<(l-^)ih-k) 

and consequently 



VB{xo,r)[ 

'B{xo,r) 



h-k~ 'yij(^„,r)(t) > —{h - k). 

Using the weak [q, g)-Poincare inequality for some q < p, see Remark [2. 5 1 
gives 

ih-kyfl{Eh{t)) < ( — Y I \vix,t)-VBi.,,r){tWdl2 



< Cr'i [ 9ld^ = Cr'i [ gl d^i 

J B{xo,Tr)x{t} JEl{t)\El{t) 



HOLDER REGULARITY FOR PARABOLIC DE GIORGI CLASSES 15 

for almost every t E (to — 0+^''',to)- Next we integrate the above inequality 
over time to get 



{h-kyu{Eh)<Cr'i gldu. 
Now Holder's inequality gives 

\ q/p 

{h - kfv{Eh) <Cr'^' 



([ gZdi] u{El\El)'-'^/P 

\J Bixo,Tr)x{tQ-e+rP,to) J 



Choose 

, , , ess osc F u 

K[s) = ess sup n . 

F S'' 

By dMI) and since fi{B{xo,2r))e+rP = u{B{xo,2r) x {to - 0+rP ,to)), we 
obtain for every s < \ 

fL-fe) , di^ < iu{x, to - e+r'P) - k)\ dfi 

B{xo,Tr)x{to-e+rP,to) J B{xo,2Tr) 

(5.7) {u-k)\dv 

^r^) i^{B{xo,r)x{to-9+rP,to)). 

In the last step we also used the doubling property of fi. Choosing now 

ess osci? li 

ipti — 

F 

yields 



/i(s) = ess sup -u ^^^^ 



u{E^^,)) < Cv {B{xo,r) X (to - O+r^ MV'" ^{El^s) \ El^s))'-"'"- 

Finally, summing this over s = 1, . . . , A — 1 and then using the doubling 
condition to replace rr by r gives 

(A - l)v{E^^fl^P-'^^ < Cv {B{xo,r) x (to - e+r^Mf^"''^ 

■u{B{xo.r) X {to-e+rP,to)) 

and hence 

^^^4) - (A-l^(p-'?)/p '^^^^^°'"^ ^ {to-e+rP,to)). 
Choosing A large enough finishes the proof. □ 

Now we are in the position to prove the reduction of oscillation in the 
case of the second alternative, and then complete the proof of the Holder 
continuity of u. 

Lemma 5.8. Let u belong to the parabolic De Giorgi class and let the second 
alternative be in force. Then 

GSS OSC ^ _ ^ , , /~i / / \ T) \ 

ii>esssupMH — a.e. m B[xo,r /2) x [to — B-^- [r /2y ,to) , 

p 2 ' 

where A depends only on the data. 
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Proof. Set 

^ 2 ^'^ ^ 



and 



Q+ = S„ X T„ = S(xo,r„) X (to - 6l4.rP,to), 



, essosci? essosci? 
k„ = ess sup u T-n ri — rr i 



= { {x,t) G Q+ : u{x,t) > k+}. 
Hence the corresponding condition Then for every n > 0, we have 

I I essosciT'ti 1 

(u-A;„)_ <eessoscn, \k^_^,-^ -K\>e ^^^^^ , where ^ = ^• 



Hence, the initial condition ()3.5p corresponding to Lemma l3. II takes on the 
form 

Since the right hand side depends only on the data, by Lemma 15.61 we 
see that there exists a A, which depends only on the data, for which the 
above condition is satisfied. Assume A is such. Then as n — )• we have 
^i^trJ/^iQtn) ~^ 0, which implies the statement of the lemma. □ 

Corollary 5.9. Suppose that the second alternative holds. Then there exists 
a o"! € (0, 1), which depends only on the data, such that 

ess osc u < ai ess osc u. 

B{xo,^)x{to-e+{qY,to) F 

Proof. By the previous lemma, we have 

ess oscpu 

ess sup u < ess sup u "^^x+l — 

for some A > 1 which depends only upon the data. This implies the state- 
ment of the lemma with 

^1 = 1-^- 

□ 

Proof of Theorem 12.81 Since either the first alternative or the second 
alternative is in force, by Corollarv 14.71 and Corollarv 15.91 we know that 



ess osc u < a ess osc u, 

i?(xo,|)x(^o-e-(|)^^o) ^ 

where a = max{cJo,cJi} < 1 and 6- depend only on the data. The local 
Holder continuity of u now follows from this reduction of oscillation, by a 
standard recursive argument presented for example in |Urb08] . p. 44. 

6. Regularity of parabolic quasiminimizers 

In this section we show that parabolic quasiminimizers belong to the 
parabolic De Giorgi class. By the previous sections, bounded parabolic 
quasiminimizers are thus locally Holder continuous. 



HOLDER REGULARITY FOR PARABOLIC DE GIORGI CLASSES 



17 



6.1. Parabolic quasiminimizers. 

Definition 6.1. A function u G L^^^{0,T; N{^^{n)) is a parabolic -ftT-quasi- 
minimizer if there exists a constant K > 1 and a Caratheodory function 
G{x,t,u, g), satisfying the growth condition 

(6.2) Ci\q\P <G{x,t,v,q) <C2\q\P 

for some positive constants Ci and C2, such that 



(6.3) 



/ du + E(u] F) < KEiu - cp; F) 
J ot 



for every open F CC and G C°°(0, T; N^'P{n)) such that {0 / 0} C F. 
Here 



E{u;F) = j G{x,t,u,gu)diy. 



By ()6.2p and (|6.3p we have that if n is a i('-quasiminimizer, then there 
exists positive constants < Ci < C2 such that 

(6.4) - X X 5^ < i^C2 ^ ^^i', 

for every open F CC J^t and G C°°(0, T; iVi'P(J7)) such that / 0} C F. 
This implies the following. 

Lemma 6.5. Let u G L^^^{0,T; N^^^^Q,)) be a parabolic K -quasiminimizer. 
Then there exist < Ci < C2 such that 

- [ du+Gi [ gldv< KC2 [ g% du 

for every G C'^{{),T] N^^P{Q)) such that suppcj) CC Q. 

Proof. Let e > and (j) G G'^{0,T; N^'P{n)) be such that suppcj) CC n. 
Since {(p 7^ 0} is z^-measurable and compactly contained in f^T, and since 
gu G LP{Q't), there exists an open set F CC fix such that 

Also, since 4> is continuous with respect to time we have i^({i?5> = 0, d(j)/dt 7^ 
0)}) = 0, and so by ()6.4p we can write 



-/ u^du + Cif gVdv<- j u^dv + GJ' gldu 
KC2 [ g:_^du<KG2 [ gl^^du + e. 



'{<pm 

This holds for every e > 0, which completes the proof. □ 

Our aim in what follows is to prove that a parabolic quasiminimizer u be- 
longs to the parabolic De Giorgi Class, i.e. fulfills the estimate of Definition 



A fundamental part of the proof is to use partial integration on u with 
respect to the time variable. However, the time regularity of the function 
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u € L^^^{0,T; N^^^{i^)) is a priori not sufficient for this. Therefore we first 
establish suitable estimates for u^, which denotes the standard time mollifi- 
cation of u. Having done this we then pass to the limit as e — )• 0, and obtain 
the desired results for u. 

In the Euclidean setting this argument works, since the theory of mollifiers 
together with the linearity of taking a gradient guarantees that — )• n and 
Vu in L^^^{Qt) as e — 7> 0. Unfortunately however, the presence 
of upper gradients in place of usual gradients causes complication to the 
argument. Since the operation of taking an upper gradient is not linear, it 
turns out to be problematic to show that gu-u^ 

^ in L\^^{yiT) as e ^ 0. 
It would be interesting to know whether or not it is possible to show this 
using only the theory of upper gradients. 

We circumvent this question by using the known comparability between 
upper gradients and so called Cheeger derivatives. As will be seen in the 
following, the Cheeger derivative has the property of being a linear opera- 
tion. 

6.2. The Cheeger derivative. The following theorem, which yields in a 
local sense the notion of partial derivatives in metric space, is by Cheeger 
|Che99) . For a concise source of tools given by the theory of Cheeger deriva- 
tives we refer to [BBS03j and the references therein. 

Theorem 6.6. Let X he a metric measure space equipped with a positive 
doubling Borel regular measure ^. Assume X admits a weak {l,p)-Poincare 
inequality for some 1 < p < oo. 

Then there exists a countable collection {Ua,X'^) of measurable sets Ua 
and Lipschitz functions X" = (Xf , . . . , X^^^^) : X M''^") such that 

^ {-^ \ Uo ^a) ~ '^'^^ /'^'^ '^^^ '^j following hold: 

The functions Xf , ■ ■ ■ , ^^{a) '^'^^ linearly independent on Ua and 1 < 
k{a) < N , where N is a constant depending only on the doubling constant of 
jjL and the constant from the Poincare inequality. // / : X — ?> M is Lipschitz, 
then there exist unique measurable bounded vector valued functions d°'f : 
Ua M'^^") such that for ^-a.e. xq &Ua, 

r Ifjoo) - fjxo) - {d^f{xo),X^{x) - X"(xo)) | 

lim sup = (J. 

A non negative function | • li^^^^ is introduced |Che99j . p. 460, on daf{xo) 
such that 

\d°'f{xo)\i,xo = 9f{xo), 

where gj is the minimal p-weak upper gradient of /. Furthermore, it is 
shown that one can find an inner product norm 

\ ■ \xo '■ K'^^"^ — > [0, oo) which is C-quasi-isometric to | ■ |i,a;oi where the 
constant C depends only on k{a). 

We may assume that the sets Ua are pairwise disjoint. For each a, extend 
d"/ to be zero in the set X \Ua, and define 

Df : X ^]R^("), 
Df = Y,d"f. 

a 
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The above imply that the differential mapping D : f ^ Df is linear, and 
that there is a constant C > 0, which depends only on A^, such that for all 
Lipschitz functions / and /u-a.e. x G X 



(6.7) yDf{x)\<gf{x)<C\Df{x)\, 

where by \Df{x)\ we mean \d"f{x)\x, whenever x G Ua- 

From [ShaOOj it is known that the Newtonian space N^''p{X) is the closure 
in the A^^'^-norm, of the collection of Lipschitz functions on X with finite 
A'^^'^-norm. By | FHP99j we know that there exists a unique gradient Du 
which satisfies ()6.7p for every u G N^''P{X). Also, if {uj}^^^^ is a sequence in 
N^''P{X), then Uj — t- n in N^''p{X) if and only if Uj — > u and Duj — t- Du in 
LP{X,n;R^), as j oo. 

Analogously to what was done with upper gradients, we define the para- 
bolic Cheeger derivative of a time dependent function by taking the Cheeger 
derivative with respect to the variable x, at time level t. 

Next we prove the steps which will be used to overcome the complications 
in the mollification argument, caused by the non linearity of upper gradients. 
Here and in what follows we denote by the time mollification of a function 
u, i.e. 

Uh{x,t) = / 'nh{s)u{x,t - s)ds, 

J-h 

where rjh{s) = h^^ri(s/h) denotes a standard mollifier. 

Lemma 6.8. Assume u G LFi^J^Q,T]N^^^{Q?)). Then as h ^ 0, it holds 
Qu-Uh — ^ m L^Q^(rir), and also pointwise v-almost everywhere in CIt- 
Moreover, as s ^ 0, we have gu{-,--s)-u in L^^^{il.T)- 

Proof. Let h > 0. For i/-almost every x,y & ft, t & [ti + h, t2 — h] and every 
compact rectifiable path 7 from x to y, we have 

\uh{x,t) -Uh{y,t)\ < (^j {gu){z,s)dz^ r]h{t-s)ds 

{9u)h{z,t)dz. 
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Hence {gu)h is a p-weak upper gradient of Uh. The definition of the minimal 
j3-weak upper gradient now implies that for z^-almost every (x, t) G x [ti + 
h, t2 - h] 

(6.9) guh{x,t) < {gu)h{x,t). 

We now show that for u-eveiy (x, t) G x (h,T — h) we have Duh{x, t) = 
{Du)ii{x,t). Assume first that u G Lip(r2 x (0, T)). Assume a point (xo,t) G 
$7 X (0, T) where with respect to the spatial variable, the Cheeger derivative 
of u exists. Let r > be such that B{xo,r) C 17. Then, since u and X" 
are Lipschitz-continuous with modulus CLip(u) and CLip(xa) respectfully, we 
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may write for any x £ B(xo,r) 

r-'\uh{x, t) - Uh{xo,t) - {{d^uUxo,t),X"{x) - X°(xo)) j 

< / Vh(.t-s)r-^\u{x,s)-u{xo,s)-{{d''u){xo,s),X''{x)-X"{xo))\ds 

J-h 

< C ■ C'Lip(u) + C ■ Cup{u) • CLip(X")- 

Therefore by the Lebesgue theorem of dominated convergence we have 
lim sup \uhix,t) - Uh{xo,t) - {{d°'u)hixo,t),X"{x) - X"{xo))\ 

< / r]hit-s) 
J-h 

■ hm sup r^^\u{x,s) — u{xq,s) — {{d°'u){xo,s),X"'{x) — X°^{xo)) \ ds 

'"^0+a;GB(xo,r) 

= 0. 

By the uniqueness of the Cheeger derivative, and by the definition of Du 
the above imphes that Dufi{xo,t) = (Du)h{xQ,t). Assume then that u £ 
-^foc(^' -^i -^loc (^))' ^^^^ necessarily Lipschitz, and let -F be a compact sub- 
set of Qt- Let {uj} C Lip(r2T) be a sequence such that uj u in 
I/^'(0, T; A^^'P(r2)). Then, since Uj is Lipschitz, by inequahty (|6.7p and by 

\\DUh - {Du)h\\Lv(F) < \\D{u - Uj)h\\Lv[F) + \\D{Uj)h - {Du)h\\Lp(^p) 

< C\\9{u-Uj)u\\LP{F) + \\{DUj)h - {Du)h\\LP(F) 

< C\\{gu-Uj)h\\Lv(F) + \\{Duj - Du)h\\LPi^F) 

< C\\gu-uj \\lp{F) + C\\Duj - Du\\lp(^f)- 

Since the last expression tends to zero as j — t- oo, we can conclude that 
Duh{x,t) = {Du)h{x,t) for z/-almost every {x,t) E x {h,T — h). 

By inequality (|6.7p . by the linearity of the Cheeger derivation and since 
Duh = {Du)h, we can write for z^-almost every {x,t) £ Q x {h,T — h) 

(6.10) gu-u,<C\Du-{Du)h\. 

Since gu G L^^^{Qt), by (|6.7p . also Du G L-'^^^^^It)- This means, by the 
theory of mollifiers, that as /i ^ 0, on the right side of ()6.10p we have 
convergence to zero in L^^^{Q'f) and also pointwise z/-almost everywhere in 
Q,T- Lastly, for an s > small enough, by inequality (|6.7p we have 



Again by (|6.7p . we know that Du € L^^^{Q.t)- Since F is compact, the 
Lemma now follows from the continuity of the translation operation for 
functions. □ 

Now we are set to prove that parabolic quasiminimizers belong to the De 
Giorgi class. 

Theorem 6.11. Let u E L^^^{0,T; Nj^^{Q)) be a parabolic K-quasimini- 
mizer. Then u belongs to the parabolic De Giorgi class. 
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Proof. Let u be a parabolic quasiminimizer. By making a change of vari- 
able, it is straightforward to check that if u{x,t) fulfills (|6.4p . then for 
any small enough s also u{x,t — s) fulfills (|6.4p . Assume a function (j) G 
LP{0, T; A^^'P(r2)) such that supp (j) CC 0,t- Then there exists an /iq > such 
that for every < /i < /iq, e C°°{0,T; N^'P{n)) with suppc^^ CC ^t, 
and so is a permissible test function. By Lemma 16.51 we have 

We multiply both sides of ()6.12p by a standard mollifier with respect to 
the variable s and which has support {—£,£). Integrating the resulting 
expression in the variable s yields, after using Fubini's theorem, 



Ue{x,t)^^dv+Ci 1^ ^ {gl(^.^._s))edl' 



p 

\y 



.7^0} 

Conducting partial integration on the time derivative term and using the 
triangle inequality for upper gradients on the right side yields 



<KC f {g:^.,._,)_^)edu + KC [ 



(6.13) 

As h —?■ 0, from the theory of mollifiers, it follows that {(f)h ^ 0} converges 
to {(f) 7^ 0} in zv-measure as /i — > 0. By Lemma lG.SI the last term on the right 
hand side of ()6.13p converges to zero as h 0. Hence after taking the limit 
/i -> we have 



.14) 



Assume now x € and ri < r2 and T2 < ri < tq to be such that 
B{x,r2) X {t2,tq) C 0,t- Let X[T2.t] denote the characteristic function of the 
time interval [T2,t]. Let (p G hip{il.T) be such that 0<(p<l, ip = lm 
B{x,ri) X (ti,to), that (p{x,t) = whenever t < T2 oi x ^ B{x,r2), and 



(r2-ri)P 



9^9 



5t 



< 



n - T2 



Choose the test function 

C/) = ±(p{Ue - k)±X[r2,t], 
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where t is arbitrarily fixed in (t2,to). We can now estimate on the right 
hand side of (j6.14p . 



+ C7/ gl_^Jv^c\ 



By Lemma 16.81 the first and second terms on the right hand side of the 
above expression converge to zero as e — )• 0. For the third term we write 



+ C [ (1 - iprgP du + C f (n, - k)lgl dv 

J{<t>^0} ^{0^0} 

Hence, as e ^ 0, after recalling the properties of (p, and the definition of (/>, 
we obtain for the right hand side of (|6.14p . 



limsup / {9l^.^._,)_^)edy <C I j 9lu-k)±di^ 

e-^Q J{(l>^0} ^ • ^ J B{x,r2)\B{x,ri) ^ ' 

/■TO r 

- / - A;)^ dv. 

Jt2 J B(x,r2) 



c 

+ 



{r2 - ri} 

On the left hand side of (j6.14p . for the first term we have 

^"Pi^e - k)X[r2,t]dl^ =1 [ ^{ip{Ue -k)'i)x[r2,t]du 

~^ f -^i^e-k)\x[T2Ad^ 
^\ I ip{u{x,t)-k)ldfi-2 [ [ ^{u-k)ldu, 

^ JB{x,r2) Jt2 Jb(x,T2) '^^ 

as £ ^ 0. For the second term on the left hand side of ()6.14p . we clearly 
have 

lim / (q^ , .)pdv> I / ;^ du. 

Collecting the results, since the constants of the obtained inequality are 
independent of t, we obtain the estimate 



ess sup / {u{x,t) - kf±dfi+ [ [ gf^_,,),du 

Ti<t<To JB{x,ri) Jt2 JB(x,ri) ^ ' 

<C / gP du + - -/ / {u-k)ldi. 

Jt2 J B(x,r2)\B{x,n) ^ iT2 - ri)P J^^ JB{x,r2) 

+ — ^ r [ {u-k)ldv. 
T1-T2 Jr2 JB{x,r2) 
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We then multiply the second term on the left hand side by the constant C, 
and sum the resulting term on both sides of the above inequality, to obtain 



ess sup / {u{x,t) -k)\dix + Ci I / 5f„_fc^ , 

Ti<t<To J B{x,ri) Jti J B{x,ri) ^ ' 

.15) < C2 r I gL^. du + r [ (n - k)l du 

Jt2 JB(x,r2) ^ iT2 - ri)P Jr., J B{x,r2) 

n 



+ / / {u-k)ldu, 



TI-T2 Jr2 JB{x,r2) 

where Ci > C2 > 0. Set now 

f {p,t) = ^ ess sup [ {u{x,t) -k)%dii+ [ [ gL_k),du- 

^1 T<t<To Jb{x,p) Jt Jb{x,p) ^ ' 

Then by (|6.15p . for every < ri < r2 < r and < T2 < n < tq, we have 
C2 

/(n,Ti) < -^f{r2,T2) 

+ 7 ^ / / (u- kf^ du + / / (n - k)l dv. 

{r2 - ri)P JB(x,r2) (n - T2) J^, J B(x,r2) 

Using the following real analytic lemma now completes the proof. □ 

Lemma 6.16. Let f{p,T) be a nonnegative and bounded function on [0,r] x 
[0, Tq]. If for every < ri < r2 < r and < T2 < ti < tq, we have 



/(n, ri) < (T3/(r2, r2) + A{r2 - ri)'^ + B{ti - T2) 



where A, B ,a, I3,a3 are nonnegative constants and < < 1, then for 
every < ri < r2 < r and < T2 < Ti < tq 

/(n, ri) < CA{r2 - ri)-" + CB{n - T2)-^ 
where the constant C depends only on a,f3,a3. 

Proof. For proof use Lemma 2.1.4 from [WZYLOT] for both variables, one 
at a time. □ 

References 

[BBll] Anders Bjorn and Jana Bjorn. Nonlinear Potential Theory on Metric Spaces, 
volume 17 of EMS Tracts in Mathematics. European Mathematics Society 
(EMS), Ziirich, 2011. 

[BBS03] Anders Bjorn, Jana Bjorn, and Nageswari Shanmugalingam. The diriclet prob- 
lem for p-harmonic functions on metric spaces. J.Reine Angew. Math, 556:173- 
203, 2003. 

[Buc99] Stephen M. Buckley. Is the maximal function of a Lipschitz function continu- 
ous? Ann. Acad. Set. Fenn. Math., 24(2):519-528, 1999. 

[Che99] Jeff Cheeger. Differentiability of lipschitz functions on metric measure spaces. 
Geom. Funct. Anal, 9(3):428-517, 1999. 

[CS84a] Filippo Chiarenza and Raul Serapioni. Degenerate parabolic equations and 
Harnack inequality. Ann. Mat. Pura Appl. (4), 137:139-162, 1984. 

[CS84b] Filippo M. Chiarenza and Raul P. Serapioni. A Harnack inequality for degener- 
ate parabolic equations. Comm. Partial Differential Equations, 9(8):719-749, 
1984. 



24 



MATHIAS MASSON AND JUHANA SILJANDER 



[CS85] Filippo Chiarenza and Raul Serapioni. A remark on a Harnack inequality for 
degenerate parabolic equations. Rend. Sem. Mat. Univ. Padova, 73:179-190, 
1985. 

[DiB86] Emmanuele DiBenedetto. On the local behaviour of solutions of degenerate 
parabolic equations with measurable coefficients. Ann. Scuola Norm. Sup. Pisa 
CI. Set. U), 13(3):487-535, 1986. 

[DiB88] Emmanuele DiBenedetto. Harnack estimates in certain function classes. Atti 
seminario matematico e fisico univ. Modena, 37:173-182, 1988. 

[DiB93] Emmanuele DiBenedetto. Degenerate parabolic equations. Universitext. 
Springer- Vcrlag, New York, 1993. 

[FHP99] B. Franchi, P. Hajlaz, and Koskela P. Definitions of sobolev classes in metric 
spaces. Ann. Inst. Fourier (Grenoble), 49:1903-1924, 1999. 

[Gia93] Mariano Giaquinta. Introduction to regularity theory for nonlinear elliptic sys- 
tems. Lectures in Mathematics ETH Zurich. Birkhauser Verlag, Basel, 1993. 

[Giu] Enrico Giusti. Direct methods in the calulus of variations. 

[GV06] Ugo Gianazza and Vincenzo Vespri. Parabolic De Giorgi classes of order p and 
the Harnack inequality. Calc. Var. Partial Differential Equations, 26(3):379- 
399, 2006. 

[HciOl] .Julia Hciuoncn. Lectures on analysts on metric spaces. Universitext. Springcr- 

Vcrlag, New York, 2001. 
[HK95] Piotr Hajlasz and Pekka Koskela. Sobolev meets Poincaxe. C. R. Acad. Sci. 

Paris, 320(1):1211-1215, 1995. 
[HK98] Juha Heinonen and Pekka Koskela. Quasiconformal maps in metric spaces with 

controlled geometry. Acta Math., 181:1-61, 1998. 
[KLSUll] Tuomo Kuusi, Rojbin Laleoglu, Juhana Siljander, and Jose Miguel Urbano. 

Holder continuity for trudinger's equation in measure spaces. To appear in 

Calc. Var. Partial Differential Equations, 2011. 
[KM98] P. Koskela and P. Macmanus. Quasiconformal mappings and sobolev spaces. 

Studia Math., 131:1-17, 1998. 
[KSOl] Juha Kinnunen and Nageswari Shanmugalingam. Regularity of quasi- 

minimizers on metric spaces. Manuscripta Math., 105(3) :401-423, 2001. 
[KSUll] Tuomo Kuusi, Juhana Siljander, and Jose Miguel Urbano. Local holder con- 
tinuity for doubly nonlinear parabolic equations. To appear in Indiana Univ. 

Math. J., 2011. 

[KZ08] Stephen Keith and Xiao Zhong. The Poincare inequality is an open ended 

condition. Ann. of Math. (2), 167(2) :575-599, 2008. 
[LSU68] O.A. Ladyzhenskaja, V.A. Solonnikov, and N.N. Ural'ceva. Linear and quasi- 

hnear equations of parabolic type. Amer. Math. Soc. Transl. Math. Mono., 23, 

1968. 

[ShaOO] Nageswari Shanmugalingam. Newtonian spaces: an extension of Sobolev 
spaces to metric measure spaces. Rev. Mat. Iberoamericana, 16(2):243-279, 
2000. 

[ShaOl] Nageswari Shanmugalingam. Harmonic functions on metric spaces. Illinois J. 
Math., 45:1021-1050, 2001. 

[Urb08] Jose Miguel Urbano. The method of intrinsic scaling, volume 1930 of Lecture 
Notes in Mathematics. Springer- Verlag, Berlin, 2008. A systematic approach 
to regularity for degenerate and singular PDEs. 

[Wie87] W. Wieser. Parabolic Q-minima and minimal solutions to variational flows. 
Manuscripta Math., 59(1):63-107, 1987. 

[WZYLOl] Z. Wu, J. Zhao, J. Yin, and H. Li. Nonlinear Diffusion Equation. World Sci- 
entific, 2001. 

[Zho93] Shulin Zhou. On the local behaviour of parabolic Q-minima. J. Partial Differ- 
ential Equations, 6(3):255-272, 1993. 

[Zho94] Shulin Zhou. Parabolic Q-minima and their application. J. Pariial Differential 
Equations, 7(4):289-322, 1994. 



HOLDER REGULARITY FOR PARABOLIC DE GIORGI CLASSES 



25 



(M.M) Aalto University, Department of Mathematics and Systems Analysis, 
P.O. Box 11100 FI-00076 Aalto, Finland 
E-mail address: mathiasmasson@hotmail.com 

(J.S.) University of Helsinki, Department of Mathematics and Statistics, 
P.O. Box 68, FI-00014 University of Helsinki, Finland 
E-mail address: jiihaiia.siljaii<ier@helsirLki.fi 



